
q, heat flux density;  ~2, region occupied by the liquid; ~', distance f rom an a r b i t r a r y  point in the liquid to the 
body; ~2 t = ~2 • [0, t]; g, acce le ra t ion  due to gravi ty;  p , ~ , a ,  the liquid densi ty ,  t he rma l  conductivity,  and t h e r -  
mal  diffusivity; (~, the in tegra l  emiss ivi ty ;  N = 4oT~/XU; L2~ t ) ,  Hilbert  space;  ~r (~2t), ~ , , lexp(_~)(~t) ,  
Sobolev space .  
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T W O - D I M E N S I O N A L  T E M P E R A T U R E  D I S T R I B U T I O N  

IN A C E R A M I C - B A S E D  E L E C T R O D E  

L ,  K .  K o v a l e v  a n d  V.  N .  P o l t a v e t s  UDC 536.24.02 

A study has been made of the the rma l  p roces se s  in the e lec t rode  units in an MHD channel; 
genera l ized  relat ionships  between the geomet r i ca l  p a r a m e t e r s  of the blocks and the p a r a m -  
e t e r s  of the working body have been der ived.  

Much attention is now being given to large MHD sys tems  containing sect ional  ce ramic  e lec t rodes  for  use 
in fully c o m m e r c i a l  o r  pilot MHD stations [1]. The viabili ty and working lives of such sys tems are  largely de-  
t e rmined  by the the rmal  conditions in the e lec t rode  blocks.  

The re  a re  s eve ra l  papers  on the t empera tu re  distr ibut ions in such blocks; for  ins tance,  t empera tu re  
distr ibutions have been de termined  [1, 2] fo r  ce ramic  e lec t rode  modules enclosed in metal  ma t r i ce s .  Es t imates  
have been made [1] of the maximum t empera tu re  in a module and the t ime needed to r each  the steady the rmal  
s tate  fo r  blocks of var ious s izes  and var ious heat-f lux levels at the MHD channel wall. 

However,  mos t  studies [1-5] a re  based on solving the thermal-conduct ion equations subject to ma jo r  s im-  
plif ications {constant t empe ra tu r e  in the meta l  ma t r ix ,  constant thermophysica l  pa rame te r s  of the e lec t rode 
m a te r i a l s ,  etc .  ), which substantial ly r e s t r i c t  the applicability of the resul ts  to viability evaluation. 

w Figure  l a ,  b shows some typical  e lec t rode  schemes based on ce ramic  modules made of z i rconium 
dioxide ZrO 2 [2, 3] .  A ce ramic  module is enclosed in a meta l  cooling ma t r ix ,  while the e lec t r ica l  insulation 
is provided by plates of A1203 or  MgO. 

The meta l  ma t r ix  in Fig. l a  pe r fo rms  two functions: it cools the ce ramic  element  and also handles the 
cu r r en t  through the upper  par ts  of the metal  edges.  Since ZrO 2 ce ramic  is of fa i r ly  high e lec t r i ca l  conductiv- 
ity (a > 10-20 mho/m) only at high t empe ra tu r e s  (T ~1100-1200~ [1], the edge of the mat r ix  must  be made 
of hea t - r e s i s t ing  s teel .  

In Fig. l b ,  the cur ren t  is c a r r i e d  by h igh- tempera tu re  meta l  grid or  plate embedded in the ce ramic  e le -  
ment ,  which reduces  the sever i ty  of the working conditions for  the meta l  cooling edges and allows one to make 
the ma t r ix  of a meta l  of high t he rma l  conductivity such as copper .  

S. Ordzhonikidze Moscow Aviation Institute. Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal, Vol. 32, 
No. 1, pp.116-123,  January ,  1977. Original  a r t ic le  submitted August 13, 1975. 
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Fig. 1. Electrode blocks with 
ce r amic  modules based on ZrO2: 
a) 1KhlSN10T matr ix;  b) copper  
mat r ix .  

w Theoret ical  investigations on t empera tu re  distributions in electrodes must  be based on a model  
that incorpora tes  fully the electrode design and the tempera ture  dependence of the thermophysica l  pa r ame te r s ,  
as well as the actual  hea t - t r ans fe r  conditions in an MHD channel. 

The working schemes of Fig. l a ,  b are  based on the models consist ing of rectangular  elements differing 
in thermophysica l  pa ramete r s ;  it is assumed that the conditions for continuity in the t empera tu re  T and heat 
flux q a re  obeyed at the internal boundaries:  

T+ = T and ~,+ c)T+ = j~_ cgT (1) 
- On On 

Here X is the thermal  conductivity; n is the direct ion of the normal  to the interface;  and the subscr ipts  "+" 
and "--" denote, respect ively ,  the quantities to the right and left of the interface.  

It is assumed that the t empera tu re  and heat flux at the external  side faces sat isfy the conditions of (1) 
for each sect ion y = const;  this is approximately so in an actual MHD device if the hea t - t r ans fe r  conditions 
vary  only slightly along the axis. 

It is assumed that the heat flux f rom the hot gas at the upper boundary is governed by turbulent convec-  
tive t r ans fe r ;  it has been shown [4] that this assumption is closely met for  MHD devices based on combustion 
products f rom cur ren t  chemical  fuels. 

It is assumed that the lower boundary (y = 0) is thermal ly  insulated (OT/ay = 0) o r  else has a specified 
tempera ture ;  these assumptions correspond to two limiting cases :  heat accumulation and rapid forced cooling 
of the metal  matr ix .  

It can be shown that the following est imate applies for  the electrodes in a l a rge - sca le  MHD device: " 

O" c o eg (I .---k' / I] Hc ( ( l .  
(2) 

~ o ( T . - - r w ) ~ - ~ \  ,~ / L c 

Here ag and cr c a re  the conduct ivi tyof the gas in the MHD channel and the conductivity of the ce ramic  module; k is the 
load f ac to r ;  Too and T w a re ,  respect ively ,  the stagnation t empera tu re  of the gas flow and the t empera tu re  of 
the electrode wall; cf is the coefficient of friction; 77 is the energy-convers ion  fac tor  for  the MHD channel; H c 
is the height of the module; Lc is the length of the channel; and ce 0 is the hea t - t r ans fe r  coefficient.  

I t  follows f rom (2) that the effects of heat produced by the current  flowing in the module can be neglected 
in relation to the tempera ture  distribution in the e lec t rodes ;  the above assumptions then reduce the problem to 
that of two-dimensional  nonlinear nonsmtionary thermal  conduction with discontinuous coefficients:  
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Fig.  2. Time course  of t empera tu re  in e lec t rode-block elements during 
startup;  solid curves) block with copper  matr ix ;  dashed curves) block with 
steel  mat r ix .  T in ~ t in sec .  

Fig.  3. Relative ce ramic  module size L/H and relat ive grid size 63/H as 
functions of the relat ive t empera tu re  T g / T  c and Blot c r i t e r ion  Bi for  block 
with a copper  mat r ix  [solid curves) L/H;  dashed curves)  5y/H]. 

where p is the density;  C is the the rmal  capacity;  and X is the the rmal  conductivity. 

The boundary conditions at the outer  boundaries of the region are  put as 

OT (0, y) OT (L, y) 
T (0, y) = T (L, y); = , 

Ox Ox 
(4) 

L O T  OT_v T - -  = cz (Tg - -  T) at y = H, vT + (I - -  v) -~g - t at y = 0 .  (5) ,  (6) 
Oy 

Here ~ = ce0/(1 + Bisl) is the reduced hea t - t r ans fe r  coefficient due to the presence  of a slag film on the e lec-  
t rode;  Bisl  = a (Ssl/Xsl) is the Blot number  for  the slag film of thickness 8sl; Tg is the gas tempera ture ;  the 
subscr ipt  v = 1 cor responds  to a cooled module; and v = 0 cor responds  to a module working with heat accumu-  

lation. 

The initial condition is that the t empera tu re  T l is initially the same throughout the module, namely,  

when t _ 0. 

w Fini te-di f ference methods can be used efficiently to solve (3) if the range of continuous variat ion 
in the arguments  is replaced by a net having the nodal coordinates x i = i .h ,  yj = j . h  1 (i = 0, 1, 2 , . . . , M ,  j =0 ,  
1, 2 , . . .  ,N), where h and h i a r e ,  respec t ive ly ,  the scales  of the steps along the x and y axes.  

The numer ica l  solution was derived by means of an inexplicit approximation to (3) of the form 

T k+l - -  T k I ~+x 
- -  ~ - - i - . ~ - 1 / 2  i q - I  j x h ~ [ai-z/~Tl--l --(ai-I/2 + ai+l/2)Tki+l ~ cl Tk+ll 

[ai_1/2_1_ t ~ (ai_]/2 _~ ai+l/~ ) T~+t @ n Tk+ll --]-}-112 ]+I p 
(7) 

where T is the t ime s tep,  a = X/pC is the the rmal  diffusivity, and k is the number of the t ime step. 

The boundary conditions (5) and (6) were approximated to the second degree [6] by means of the follow- 

ing: fory =0 
71TI + l__l__ T~ -}- -~ko Q.,_,/2T~_1 -}- ~.~+,/2ri+o 

2a o +~T z To= (I --v) 1 
7 , + ? + ~  2ao 
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Fig .  4.  M a j o r  p a r a m e t e r s  of c e r a m i c  
m o d u l e  in  r e l a t i o n  to r e l a t i v e  t e m p e r -  
a t u r e  T g / T  c fo r  a b lock  with  a s t e e l  
m a t r i x .  

and f o r  y = H 

T . =  vl r~-_ ,q-  ~ T ~ q -  ~ r g  l d -  2k N f 2~ N 

] [  1 ; 

w h e r e  ~, = T /h2 ;  ~/1 = ~ /h~ .  

T h e  n u m e r i c a l  so lu t i on  to (7) wi th  (8) was ob ta ined  by s ing le  f i t t ing  fo r  the  y ax i s  and i t e r a t i v e  f i t t ing  
fo r  the  x ax i s  [6]. The  T d e p e n d e n c e  o f  X, C,  and p was i n c o r p o r a t e d  i t e r a t i v e l y  f o r  e a c h  s t e p  T by  r e f e r e n c e  
to the  m e a n  t e m p e r a t u r e  T = (T k + T k + i , j  i , j  l / 2 ) / 2 -  

L i n e a r  func t ions  w e r e  u s e d  to a p p r o x i m a t e  the  T d e p e n d e n c e  of  X, p ,  and C f o r  e a c h  r a n g e  of cont inuous  
v a r i a t i o n :  

k = k0 § ~ T ;  C = C0 § ~cT and p = po + ~ T .  

~4. T h i s  m e t h o d  was u s e d  in  c a l c u l a t i n g  the  t w o - d i m e n s i o n a l  t e m p e r a t u r e  d i s t r i b u t i o n s  in  t h e s e  e l e c -  
t r o d e  un i t s  (F ig .  l a ,  b); the  m a t e r i a l  of the  i n s u l a t o r  was  t a k e n  as  a l u m i n a  A1203, whi le  t he  c o e f f i c i e n t s  in  the  
p o l y n o m i a l s  fo r  the  t h e r m o p h y s i c a l  p a r a m e t e r s  w e r e  d e r i v e d  f r o m  the  d a t a  of  [7, 8]. 

The  n u m b e r  of  po in t s  t aken  a long  the  x ax i s  was  c h o s e n  a s  M = 20, whi le  the  n u m b e r  a long  the  y ax i s  
was N = 15. The  t i m e  s t e p  was  T = 0.05 s e c .  Check  c a l c u l a t i o n s  w e r e  p e r f o r m e d  with m o r e  n u m e r o u s  p o i n t s ,  
M -- 40,  N = 15,  and ~ = 0.02,  but  t hey  gave  no s u b s t a n t i a l  improvements  in  the  a c c u r a c y .  

F i g u r e  l a  shows  the s t e a d y - s t a t e  t e m p e r a t u r e  d i s t r i b u t i o n  in  a coo l ed  e l e c t r o d e  b l o c k  con ta in ing  a s t e e l  
m a t r i x .  

The  e f f ec t i ve  g a s  t e m p e r a t u r e  Tg ,  the  h e a t - t r a n s f e r  c o e f f i c i e n t  a ,  and the t e m p e r a t u r e  T l of  the  l o w e r  
b o u n d a r y  of  the  modu le  w e r e  t a k e n ,  r e s p e c t i v e l y ,  a s  3500~ 1000 W/m~~ and 300~ 

The  g e o m e t r i c a l  p a r a m e t e r s  of the  m o d u l e  61 = 3 r a m ,  52 = 1.5 r a m ,  l = 12 r a m ,  H = 4 r a m ,  L = 6 r a m ,  
L / H  = 1.5 w e r e  s e l e c t e d  f o r  the  g iven  Tg ,  o~, and T l in s u c h  a way tha t  the  m a x i m u m  t e m p e r a t u r e s  found f o r  
the  m o d u l e s  (~2000~ and  m e t a l  edges  (~1200~ w e r e  c l o s e  to the  m a x i m u m  p e r m i s s i b l e .  

F i g u r e  l a  shows  tha t  the  u p p e r  p a r t  of the  Z r O  2 m o d u l e  had a t e m p e r a t u r e  above  1200~ which  p r o v i d e s  
h igh  c o n d u c t i v i t y  (~ 9 2 0  m h o / m )  t h roughou t  the  width .  

C a l c u l a t i o n s  w e r e  a l s o  p e r f o r m e d  f o r  o t h e r  t h i c k n e s s e s  62 f o r  the  coo led  e d g e s ,  and i t  was found tha t  52 
had l i t t l e  e f fec t  on the  t e m p e r a t u r e  d i s t r i b u t i o n  in  the  m o d u l e  f o r  52 > 1.5 r a m ,  which  m e a n s  tha t  i f  t h i s  c o n d i -  
t ion  is  m e t ,  one can  s e l e c t  the  s i z e s  of t h e  coo l ing  e d g e s  f r o m  o t h e r  c o n s i d e r a t i o n s .  

F i g u r e  l b  shows  the  t e m p e r a t u r e  d i s t r i b u t i o n  in  a b lock  con ta in ing  a c o p p e r  m a t r i x  and a m e t a l  c u r r e n t -  
c o l l e c t i n g  edge  m a d e  of  V Z h - 9 8  h e a t - r e s i s t i n g  s t e e l .  

The  g e o m e t r i c a l  p a r a m e t e r s  of t he  m a j o r  e l e m e n t s  w e r e  t a k e n  a s  51 = 2 r a m ,  62 = 1 ram;  53 = 0.3 r a m ,  
l = 14 r a m ,  L = 10 m m  and L / H  = 2 on the  b a s i s  t ha t  the  g iven  v a l u e s  Tg = 3500~ a = !000 W / m  2 �9 ~ a a d  
T l = 300~ would r e s u l t  in m a x i m u m  t e m p e r a t u r e s  f o r  the  e l e m e n t s  c l o s e  to the  m a x i m u m  a c c e p t a b l e  ( t e m p e r -  
a t u r e  of  the  c e r a m i c  uni t  about  2000~ and tha t  of the  c u r r e n t - c o l l e c t i n g  e d g e ,  abou t  1600~K). 
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Figure  lb  shows that  the t e m p e r a t u r e  d is t r ibut ion  at the upper  boundary of the block in contact  with the 
hot gas  d i f fe rs  subs tant ia l ly  f r o m  tha t  of Fig.  l a ;  the pa r t s  of the module nea r  the copper  edge have low s u r -  
face  t e m p e r a t u r e s  (T < t000~ and such T imply  that  the e l e c t r i c a l  conductivity of a Z r  02 module o r  the 
adjacent  gas  would be a l m o s t  ze ro .  

One expects  that  cu r r en t  leakage and breakdown between adjacent  blocks would occur  ove r  gas  gaps 
much  th icker  than those in F ig .  l a ,  which impl ies  an i n c r e a s e  in the effect ive s ize  of the insulat ing gap be-  
tween the  hot conducting zones by compar i son  with the e lec t rode  of Fig.  la . ,  

These  t empera tu re -d i s t r i bu t ions  for  c e r a m i c  modules  show that a s t ee l  m a t r i x  is  bes t  used in a s e c -  
t ional  MHD channel in  which the axial  e l ec t r i c  field is weak. 

E lec t rodes  with copper  m a t r i c e s  and cu r r en t - co l l ec t i ng  edges can be used in sec t ional  channels with 
high axia l  e l ec t r i c  f ields (of Hall  o r  diagonal  type ,  e t c . ) .  

The solid l ines in Fig .  2 show T c and the t e m p e r a t u r e  Tree  of the cooling me ta l  edge, as well  as the 
t e m p e r a t u r e  T e at  the cu r r en t - co l l ec t i ng  edge,  fo r  the ca se  of the copper  ma t r ix ;  the dashed l ines show the t 
dependence of T c and Tree fo r  the s t e e l  m a t r i x  case .  The calculat ions were  p e r f o r m e d  for  Tg = 3500~ ~ = 
1000 W / m  2. OK and T 1 = 300~ toge ther  with the d imensions  chosen above.  

I t  i s  c l e a r  that  the t i m e  requ i red  to r e a c h  a s t e a d y - s t a t e  t e m p e r a t u r e  dis t r ibut ion is  v i r tua l ly  the s a m e  
for  a l l  the components  in the block containing the copper  mat r ix ;  however ,  this  t ime  is  l a r g e r  by about a fac tor  
of 1.5 than that  for  the case  of s tee l .  

An a lgor i thm has been devised for  calculat ing these  two-d imens iona l  t e m p e r a t u r e  d is t r ibut ions ,  which 
was a lso  used to de t e rmine  the s ize  of the e lec t rode  units for  va r ious  Tg and ~ on the assumpt ion  of s t eady-  
s t a te  working.  

S imi la r i ty  theory  allows one to r e p r e s e n t  the re la t ive  c h a r a c t e r i s t i c  t e m p e r a t u r e s  of the e lement  as 
functions of the m a j o r  definit ive p a r a m e t e r s :  

T o ( H ' H ' H ' H ' T o ' T o '  )'c ~c ' h e ) '  

{ L } { L } 
~"rne= Tree = r  Bis;  - - ;  - "  'Fi = - = O  3 Bis ;  ; . . . .  

�9 ~ H ' T O H 
(9) 

Here  Tc ,  Tree ,  T i ,  and T e a r e  the m a x i m u m  t e m p e r a t u r e s  at the hot su r faces  of the c e r a m i c  module,  ma t r i x  
edge,  insulat ing p la te ,  and cu r r en t - co l l ec t i ng  edge,  r e spec t ive ly ,  while Tg and T o = T c a r e ,  r e spec t ive ly ,  the 
gas  t e m p e r a t u r e  and the bas ic  c h a r a c t e r i s t i c  t e m p e r a t u r e  sca le  fac tor ;  ~c, ~'1, k2, and ~3 a r e  the t h e r m a l  con-  
ductivity of the ZrO 2 c e r a m i c ,  that of the cooling edge,  that of the cu r ren t -co l l ec t ing  edge,  and that  of the in-  
sulat ing inse r t ;  Bi s = a H / ~ c  is  the Blot num b er  der ived f rom ~c for  the ZrO~. 

We see  f r o m  (9) that  the s i zes  of the pa r t s  in the e lec t rode  block a r e  complete ly  de te rmined  by the r e l a -  
t ive values  of the m a x i m u m  t e m p e r a t u r e s  ~? c ,  ~?me, ~?i, ~?e for  given Tg,  T/ ,  and Bis.  

We have seen  above that  the p a r a m e t e r s  61 >_ 1-1.5 m m  and 52 >- 1-1.5 m m  can be used with the appro -  
p r i a t e  range  in gas - f low p a r a m e t e r s  (Bis = 1.9-3.1;  T g / T c  = 1.5-2.0) to leave cons iderable  f r eedom of choice 
in the s ize  of the cooling edges and c e r a m i c  insulat ing p la te ,  s ince then the re  is  l i t t le effect  on the t e m p e r -  
a tu re s  in the e lec t rode  block.  T h e r e f o r e ,  one can de t e rmine  the re la t ive  width L /H and 5 J H  without consid-  

er ing  51/~-I and 52/H. 

F r o m  (9) we then have fo r  the above e lec t rode  designs and speci f ied  m a t e r i a l s  that  

L _ f l  Bi s, T_g_ Te ~ " , .  63 = f  Bis, - - - ,  . 
. 

The f o r m  of the re la t ionship  was der ived f r o m  a l a rge  s e r i e s  of two-d imens iona l  calculat ions on such 
units  containing copper  m a t r i c e s  and copper  co l lec tors  and a lso  ones with s tee l  m a t r i c e s .  It was assumed  
that  Tc = 2000 ~ Te = 1600~ T/ = 300~K. 
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Figure 3 shows the results for ZrO 2 units with grid current collection and copper matrices. 

It is clear that Tg/T c has a marked effect on L/H (hyperbolic); however, it has little effect on 63/H 
within the relevant range of Bi s and Tg, since this quantity is largely determined by Bis. 

The numerical data can be approximated with reasonable precision by the following equations: 

(TTKf)-s-~3 8~ =[--0 .0283+0.6361gBis](Tc-)  L _ 26.92Bisl.2 _ _  _Tg T o. I  (10) 
H c ,  ' H  

Figure  4 shows L /H and Bis as functions of T g / T c  for  e lec t rodes  with s tee l  m a t r i c e s ;  the curves  a re  of 
fall ing type ,  and the following functions provide a c lose  fit  for  the range T g / T c  ~1 .5 -2  for  L /H  as a function 
of T g / T  c and Bi s as a function of Tg /Te :  

-H- ~ r c /  -- rc 
(11) 

B is  : 4 .28  ( 0 . 2  - 0 .75 .  
k Te ] ' rc 

Equations (10) and (11) al low one to define the s i zes  of the e lec t rode  blocks to provide  a t e m p e r a t u r e  of 
T c ---- 2000~ for  a ZrO 2 module for  var ious  Bi s and Tg. 
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P R O P A G A T I O N  O F  T H E R M A L  D I S T U R B A N C E S  IN M E D I A  

W I T H  V O L U M E T R I C  H E A T  A B S O R P T I O N  

S.  I .  G o l a i d o ,  L .  K~ M a r t i n s o n ,  
a n d  K .  B .  P a v l o v  

UDC 536.24 

The solution of one-d imens iona l  unsteady p rob lems  of nonlinear  heat conduction in the p r e sence  
of t empe ra tu r e -dependen t  vo lumet r ic  heat  absorp t ion  in the medium is d i scussed .  The conditions 
a r e  found for  the exis tence of genera l ized  solutions descr ib ing  t e m p e r a t u r e  waves whose fronts  
p ropaga te  in the medium with a finite veloci ty .  

The invest igat ions ca r r i ed  out in [1, 2] made it poss ib le  to fo rmula te  the conditions under  which the 
quas i l inear  equation of heat conduction 
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